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The methodology used for proving the uniform convergence of the infinite 
product of quotients of the form, 
M(Z) = fj (1 - -Wd/(l - W&J, 
k=l 
where 0 < a, < h, < a,+r and ai -+ co as j + co, on any compact subset 
of the complex plane is described. An infinite product of quotients 
wa = fp (1 - zium - z/ad, 
!+=I 
where {a,} and {h,} are defined as above is then examined, and its uniform 
convergence on any compact subset of the complex plane is shown. 
Finally, infinite products of the form 
p(z) = fi (1 -fw~ad~i~~ - gcmv, 
L=l 
where f and g are single-valued analytic functions A # B are considered. 
1. INTRODUCTION 
The uniform convergence on any compact subset of the complex plane of 
w-q = fi (1 - -wk)/(l - Wk), 
k=l 
where 0 < aj < Aj < aj+l and 8, -+ co as j -+ 03, comes up in the work of 
both Taylor [4] and Curtis [l]. In hopes of a mild generalization, the behavior 
of products of the form 
v7 = fi (1 -f(z)/ak)w - gvwk)B, 
k=l 
where f and g are single-valued analytic functions A # B is studied. 
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2. A RECIPROCAL RELATIONSHIP 
H. Il. Curtis [I] has established the uniform convergence of 
M(Z) == fi (1 - zJa,);(l - Z:‘h,), 
k-1 
where 0 < ak < )Lk < &+r < ... and ak -+ co as k + co, on any compact 
subset of the complex plane. Consider the infinite product 
M,(Z) = fi (1 - .wk)iu - z/a,) 
k=l 
which is Curtis’ product of quotients, but with the {a,} and {hk} interchanged. 
The product Ml(Z) will be shown to be uniformly convergent on any compact 
subset of the complex plane. If 




Ml’(z) = n (1 - ZjAk)i(l - z/ak)T 
k=n, 
then, for / 2 1 < alLo, we trivially have Mrp(Z) Mp(Z) = 1. 
Let R > 0. We will show that Ml(Z) converges uniformly on 
{Z : 1 Z 1 < R}. Since lim,,, a, = co, there exists n,, = n,(R), such that 
a, > R for k > n, . Let Mrp(Z) be defined as follows: 
j%‘(z) = n (1 - Z/hk)/(i - z/ak>. 
k=no 
Now for every k 3 n, , 1 Z/a, 1 -C 1 and ( Z/X, 1 < 1, thus Mrp(Z) # 0 for 
1 Z 1 < R and Mrp(Z) is easily seen to be analytic for 1 Z ( < R. 
A sufficient condition for Mrp(Z) to be uniformly convergent in 
{Z : 1 Z I < R) is that the series of the principal values of logarithms 
.&,(z) = c log(i - z/hle>/(l - qak) 
k=n,, 
be uniformly convergent in {Z : 1 Z 1 < R}; see Ref. [2]. 
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Since (1 - Z/&)/(1 - Z/a,) is analytic for K > n, , 1 Z 1 < R, then the 
logarithm of the quotient can be expanded as a Taylor series about Z = 1. 
The series takes the form of the difference of the series for log(l - Z/&J and 
log(1 - Z/a,). Immediately, we have 
Since the inner sum is easily seen to be absolutely convergent, the summations 
may be interchanged, and the series written as S, where 
Now we see that 
But since 1 Z 1 ,( R, we have 
We remark as n is increased that 1 S 1 may be made arbitrarily small, inde- 
pendently of Z. Hence, the uniform convergence of &+,JZ), by the Cauchy 
criteria, for / Z 1 < R implies the uniform convergence of M,(Z) on any 
compact subset of the complex plane. 
3. PRODUCTS OF POWERS OF QUOTIENTS 
Suppose we let B = 1 and A = 1 + 0, where f and g are the identity 
function. Let (a, = k}, then nzsPS1 (1 
the divergence of nzcl (1 - Z/8$. 
- Z/a,) is divergent, which implies 
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Now define I& and I& as 
T]I _ fi (1 - mcY+e 
A k-1 (1 - -w,) ’ 
n _ fi (1 - z/u 
B t=l (1 - z/a,) . 
Assume, for the canonical constraints on {a,} and {A,}, we have nA uniformly 
convergent. We easily compute 
The behavior of nz?‘=, (1 - Z/k) is well known to be convergent only for 
2 = 0 and divergent to zero for (2 = (X, Y) : X > 0} and divergent else- 
where. 
Thus for fI f 0 and {a, = k} the right side of Eq. (1) is easily seen to be 
divergent. But from a well-known theorem in Ref. [2], nAnB must represent 
a convergent product provided HA was uniformly convergent. Thus I& , 
in this case, cannot be uniformly convergent. 
We now see there can be no general theorem concerning the convergence of 
p1 (1 - zja,>A/u - Z’hTJB 
for A # B. 
4. THE CURTIS TECHNIQUE APPLIED TO PRODUCTS OF QUOTIENTS 
OF ANALYTIC FUNCTIONS 
Let Ma(Z) be defined as 
M (Z) = fi (1 -fGwk) 
3 
k-1 (1 - hw7c) ’ 
where 0 < a, -=c hl, -C a,,, ..a and a, + co as k -+ co and f and g are single- 
valued analytic functions. 
With suitable restrictions, we obtain an analogous quantity to [ S [ in 
Section 2 that we desire to make small 
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It can easily be shown that the only general result that can be obtained using 
the technique of Curtis [I] is when f E g. If, when 12 1 < R, we have an 
R, such that If(Z)/ < R, , then we obtain 
The details are the same as Curtis [l]. We see that for a suitably bounded 
analytic function, the result still holds. 
These questions are closely related to the convergence of sequences of 
polynomials (rational functions) with restricted zeros (and poles); see Ref. [3]. 
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